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Abstract 

On the basis of the Schwinger boson representation for the Elliott model developed 
in (III), the Holstein-Primakoff representation for the sw(3)-algebra is presented. The 
basic idea is the same as that adopted in (II), and as an example, the case of the lowest 
approximation is shown. 
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This paper, (IV), is a continuation of (I), 1 -* (H), 2 -* and (III) 3 -* and mainly we discuss the 
Holstein-Primakoff representation for the sii(3)-algebra suitable for the Elliott model. The 
significance of the present paper may be not necessary to mention. 

In the idea similar to that presented in (II), first, we note the relation 

(a* + a + + a*a + a*_a_)|Q°, Q; L°, LL }} = l a \Q°, Q; L°, LL }} , (la) 
(b* + b + + S;S + Sl6_) \Q°, Q; L°, LL )) = l b \Q°, Q; L°, LL )) . (lb) 

Here, the state \Q°, Q; L°, LLq)) is defined in the relation (III-5-2) and through the relation 
(III-5-7) with (III-3-7a), we have the relation (JTJ, which gives us 

a*_a_\Q°,Q;L°,LL )) = {^l a - a* + a + - a* a ) ' \Q°, Q; L°, LL )) , (2a) 

b*_b-\Q ,Q;L°,LLo)) = Ul h - b\b + - b*b ^j \Q°,Q;L°,LL )) . (2b) 
Of couse, the relation (j2J) gives us 



a*_a-\c(l a ,lb))) = \\fL - a* + a + - a* a j \c(l a ,l b ))) , (3a) 

b*J-\c(la,h))) = (^k-Kh-kCj \c{l a ,h))) ■ (3b) 

Here, |c(Z , /&))) denotes an arbitrary superposition of the set {\Q°, Q; L°, LL Q ))}: 

\c(l a ,l b ))) = E c QLLo (Q L )\Q ,Q;L°,LL )) . (4) 

QLLq 

Further, we should note the relation (III-3-8): 

l a = (1/2) (L° + Q°) , k = (1/2)(L° - Q°) . (5) 

Clearly, (a + ,a+), (do, ciq), (b + ,b*\_) and (&o,&o) are use d for describing fluctuations around 
the equilibrium characterized by (l a ,h)- 

Under the above argument, we can construct the Holstein-Primakoff representation for 
the Elliott model. For this aim, a new boson space is prepared in terms of bosons (d+, d+), 
(do, do)' $+) an d ($o,$o)- The vacuum |0) of this boson space plays the same role as 
that of \T,R) introduced in the relation (III-3-2). In this paper, we denote \T,R) as \l a ,h)- 
Then, we set up the following correspondence: 

\l a ,l b )~\0), (6a) 
(d + ,a* + ), (ao,ao), (&+,&+) and (So, Sg) 

~ (d+,d+), (d , do), (/3+,/3*) and o ,$o) > ( 6b ) 
a_ and a*_ ~ \jla~ ot* + a + — dpdo , 



6_ and b*_~Jl b - p*.p + - (3* p . (6c) 
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In the same way as that performed in (II), the relation (II-2-9) can be transcribed in the 
form 

L + ~ L + = a/2 a* + a + &Qy/l a — a* + a + — &q& 



L- = a/2 a* Q a + + \Jl a — a* + a + — a^&o a 



L ~ L = 2a* + a + + a* a + 2(3* + (3 + + PqP - (l a + l b 
Qo ~ Qo = -3«o«o + 3/3q A) + (l a - h) , 



-fty/h-PlP + -P5Po + (r + Po 



-P* + yJh-P* + P+-P5P 

C\ ~ Ci = a/3 y/l a — Oi* + Oi+ — &q&0 ~ 



C 2 ~ C 2 = a/6 y/l a — a* + o. + — doAo d + 



-\Jlb- PXI3+ -P0P0 A 



The sm(1, l)-generators and i? lead us to 



(7a) 
(7b) 



(7c) 



T + ~ f+ = CK^* - d^/fr - P* + P + - P*P - P* + y/l a -&* + & + -&* &0 , 

T- ~ f_ = /3 d - 06 - P+P+ - P0P0 «+ - yjl a - &* + a + - &la p + , (8a) 
f ~f = (l/2)(Z a + Z 6 + 3) , (8b) 
Ro~R = (l/2)(l a -l b ) . (8c) 

Thus, we arrived at our goal. For the construction of the physical space, we can borrow the 
idea used in (II). Therefore, we omit the discussion. We note the relation 



f-\phys) = (phys\T + = . 



(9) 



As the simplest approximation, we investigate the case where L±, C 1 , C 2 , C\, C2, T + 
and T_ are approximated in the framework of the linear terms for the boson operators. In 



this case, the relations ((Zj) and (jBJ) give us 



n= 


V2(VT a a* + y 






cf = 


= V3{\/T a al - 






cf = 


\/3(\/^ao - ^ 




c A = 


rpA 


-- -(\/ka* + + y 


Mi) , 


rpA _ 



lb/31) , 

~(\A^ a + + \ftbP+) ■ 



(10a) 

(10b) 
(11) 

In order to rewrite the expressions (fTUj) and (jllj) . we introduce the following boson operators: 

t+ = (vl + h) 1 (yr a &* + v^/^o) , 

it = [Vh + k) 
72* = ( vl + 1 



l a a* Q 



7 



+ k 



-1 



7 A ^ 



Lai + y/hP. 



+ / ' 



Then, the relations (fTU|) and (fTT|) can be rewritten as 

L A + = x /2{l a + l b )r+ , it = x/2(l a + l b )% 



Cf* = v / 3(/ a + h) 



—A 

+ ' 
la — h ^* 



(12) 
(13) 

(14a) 



4 + 4 
4 — h 



. 2\/lJb 
*a + f f> 



7+ + , , , 7i 



C 



a* 



+ 4 4 + 4 

2 - 



V / 6(/a + km , = VWa + ift)72 



(14b) 
(15) 



Further, L and Q shown in the relations (J7aj) and (|7bjl. respectively, can be rewritten as 

I = 7+7+ - [(^ + h) - (7i*7i + 2 72 *7 2 )] + 2 7 *7 , (16a) 

*/T7T 

(16b) 



Qo = (L - t&) + 3 7i7i - 3 7+7+ - 6 



4 + 4 



+ 4 



(7*7+ + 7+7i ) » 



The operators C*, and Q defined in the relation (4- la), (4- lb) and (4-4) in (III), 
respectively, can be expressed in the following form: 



A* 



■(la+h 



'3(la + k 



2JT71 



gl>b 
la + h 



•7i 



(17a) 
(17b) 



C 2 ~ cf = (l a + h)' • (xML + Jb) J ■ 7 2 

Qo~Q A = (L + lb?' [(la - k)(l ~ 2(7l7l - 72*72) - 2r+l+) + (la ~ h)Tl] ■ (17c) 
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Comparison of the form (JT7j) with the form (|14|) may be interesting. The operator C t is 
expressed in terms of the linear combination for 7^ and 7*, but, cf* is proportional to 7*. 
Further, in Q Q , there exists a term which express the coupling of 71 and 7+ (7*7+ + 7+71), 
but, in Q , there does not exist such a term. 

The relations Q and ([T5j) tell us that the physical space is composed of the orthogonal 
set given by 

\m + ,m u m 2 ) = (y/m+lm^^ 1 (T + ) m+ (Ti) mi (T 2 ) m2 \0) ■ (18) 

Let us investigate the state (|18J) in detail. Hereafter, we omit the normalization constant. 
The state (|18j) is decomposed in the form 

\m + , mi ,m 2 ) = (r+) m+ \mi,m 2 ) , |mi,m 2 ) = (l*i) mi (l 2 ) m2 \0) ■ (19) 

Our original orthogonal set is specified by the quantum numbers Q°, Q, L°, L and Lq, such 
as shown in the relation (0). In these numbers, Q° and L° are related to l a and l b in the 

relation (JSJ), which specify the intrinsic state. Then, we investigate the relation of m + , mi 

~ 2 

and m 2 to Q, L and L Q , which are related to the eigenvalues of Q , L and L , respectively, 
for the state \Q°, Q; L°, LLq)). First, we note the relation 



Q |mi, m 2 ) = Q A {l a + h) 2 Vni, m 2 ) , (20a) 

Q A = {l a -l b ){l-2{m 1 -m 2 )) . (20b) 

Therefore, the eigenvalue Q A , which corresponds to Q, is explicitly given in the relation 
(|20b|) . Next, the following relations should be noted: 

7+|mi,m 2 )=0, i.e., L_\m 1 ,m 2 ) = 0, 

L \mi,m 2 ) = -L A \mi,m 2 ) , (21) 

L A = l a + l b - (mi + 2m 2 ) , (22) 

\m+, mi, m 2 ) = (f + ) LA+L ° \m u m 2 ) = (L+) lA+l ° \m u m 2 ) , (23) 

L A + L A = m + , i.e., L A = m + - (l a + l b - (mi + 2m 2 )) . (24) 



Then, we can understand that L A and L A , which correspond to L and L , respectively, are 
given in the relations (|22j) and (|24|). respectively. The relation (|2ip shows us that L A can 
be attributed to the magnitude of the angular momentum. Of course, this argument is valid 
under the condition 

l a + l h > mi + 2m 2 . (25) 
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It is verified from the following argument: We define the operator L in the form 

Z A2 = Z\ + (l/2)(I^ + L A L A + ) 

= (L + h)(!a + h + l)- 4(Z« + h)(%j2 + 7*7) - 2(Z a + 4)7*71 • (26) 

Of course, the expression (J26j) is obtained in the frame of the bilinear for the fluctuation. 
Operation of L on the state |m+, mi, 1712) gives us the form 

X |m + ,mi,m 2 ) = L (L + l)\m+, mi, m 2 ) . (27) 

Here, of course, we used the condition (|25|). The above is another reason why we can attribute 
L A to the magnitude of the angular momentum. For the above discussion, the condition 
({25} is very important. Therefore, the treatment developed in this paper may be valid for 
the case of high angular momentum. Finally, we comment the following point: The state 
|m + ,m 1 ,m 2 ) can be expressed in the form 

\m + ,mi,m 2 ) = (Z^-+(cf ) mi (Bj*)"»|0) . (28) 

The above means that it gives us a possible form of the approximation for the formalism 
developed in (III). Thus, we could show that as the simplest approximation for the Holstein- 
Primakoff representation of the su(3)-algebra, we obtained an approximated form of the 
Elliott model, which may be equivalent to the RPA order. 
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